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A spectrally formulated ﬁnite element is developed to study very high frequency elastic waves in carbon nanotubes
(CNTs). A multi-walled nanotube (MWNT) is modelled as an assemblage of shell elements connected throughout their
length by distributed springs, whose stiﬀness is governed by the van der Waals force acting between the nanotubes. The
spectral element is formulated using the recently developed strategy based on singular value decomposition (SVD) and
polynomial eigenvalue problem (PEP). The element can model a MWNT with any number of walls. Studies are carried
out to investigate the eﬀect of the number of walls on the spectrum and dispersion relation. The importance of shell ele-
ment based model over the beam model is established. The zone of validity of the previously developed beam model is also
investigated. It is shown that the shell model is required to capture the symmetric Lamb wave modes. It is also shown
through numerical examples that the developed element eﬃciently captures the response of MWNT for Tera-hertz level
frequency loading.
 2006 Elsevier Ltd. All rights reserved.
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Since their discovery in 1991, CNTs are currently occupying the center-stage of theoretical and experimen-
tal attention (Tomanek and Enbody, 2000). It is well-known that by virtue of their special symmetric struc-
tures, CNTs possess extraordinary mechanical properties, such as extremely high speciﬁc strength, speciﬁc
stiﬀness, resilience and enormous electrical and thermal conductivities (Tersoﬀ and Ruoﬀ, 1994; Yakobson
et al., 1996a; Treacy et al., 1996; Halicioglu, 1998; Harris, 1999; Govindjee and Sackman, 1999; Yoon
et al., 2003). However, to translate these excellent properties to the realm of mechanical applications, it is
necessary to have the fundamental understanding of the nanostructured materials. This calls for a good
modelling strategy for the CNTs, which should retain the important aspects of the structure without being
computationally too expensive.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.06.038
* Fax: +91 80 51158562.
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approaches can be found in (Chakraborty et al., 2006), where Euler–Bernoulli (EB) beam theory based spec-
tral ﬁnite element (SFE) was developed for MWNTs. Recently, a non-linear analysis is performed using the
EB theory to investigate the eﬀect of tube diameter on the bending modulus (Wang et al., 2005). Eﬀect of inter-
nal moving ﬂuid on vibration and structural instability is also studied using the EB theory (Yoon et al., 2005).
Similar studies are also conducted by Wang and Varadan (2006) to investigate the eﬀect of EB theory and
Timoshenko beam theory on the modelling of single and multi-wall nanotubes.
In the present study, a new spectral element based on shell theory is developed. There are few earlier
works on the shell-theory based model of CNTs. Yakobson et al. (1996a,b) noticed the unique features of
fullerenes and developed a continuum shell model, where the analytical expressions for the energy of a shell
in terms of local stresses and deformations were provided. Ru (2000a,b) followed this continuum shell model
to investigate buckling of CNTs subjected to axial compression. This kind of continuum shell models can be
used to analyze the static or dynamic mechanical properties of nanotubes. However, these models neglect the
detailed characteristics of nanotube chirality, and are unable to account for forces acting on the individual
atoms.
Spectral ﬁnite element method (SFEM) (Doyle, 1997) is arguably the most suitable technique for studying
wave propagation in structural waveguides and especially in MWNT due to high frequency content loading
(THz level). The basic SFEM is further improved by Chakraborty and Gopalakrishnan where the problem is
cast as PEP (Lancaster, 1969) and SVD method of wave amplitude extraction is utilized. This approach puts
SFEM in a solid ground and gives it the most generalized form to handle any kind of structure. This method is
so far utilized in plate element formulation (Chakraborty and Gopalakrishnan, 2005) and beam approxima-
tion of MWNT (Chakraborty et al., 2006).
In the present work, plane strain shell model based SFE is considered for modelling MWNT. Wave num-
bers and group speeds are determined as functions of the number of walls, which facilitate to get deep insight
in the wave propagation response of MWNTs. The present element formulation exploits the PEP method
extensively, which is most suitable in the present case as number of walls has been taken as a parameter in
element formulation. The organization of the paper is as follows. In Section 2, the details of the element for-
mulation is presented. General methods are also presented to obtain the expressions of cut-oﬀ frequencies,
spectrum relation and dispersion relation. Section 3 discusses the eﬀect of number of walls on the spectrum
and dispersion relation and the wave propagation response due to applied tip shear loading.
2. Mathematical formulation
The present MWNT model is based on the kinematics of shell in plane strain condition. Assuming that the
shell has a much larger dimension in the Z-direction compared to the other dimensions in the X–Y-plane (see
Fig. 1) and there is no variation in geometry or loading along the Z-direction, the displacement ﬁeld is
assumed asuðs; r; zÞ ¼ uðsÞ  rðws þ R1uÞ; vðs; r; zÞ ¼ 0; wðs; r; zÞ ¼ wðsÞ; ð1Þ
where u; v and w are the components in the circumferential (s = Rh), axial (Z) and radial direction (r), respec-
tively, and the subscript denotes diﬀerentiation with respect to s. Here, R represents the mean radius of the
shell.
The non-zero strain and stress corresponding to this displacement ﬁeld aress ¼ R1wþ us  rðwss þ R1usÞ; rss ¼ Eð1 m2Þ ss; ð2Þwhere E and m are the Young’s modulus and Poisson’s ration of the shell material, respectively. Based on the
displacement ﬁeld in Eq. (1), the shell kinetic energy, K becomesK ¼ 1
2
Z h2
h1
Z r2
r1
qð€u2 þ €w2Þdrdh; ð3Þ
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Fig. 1. (a) Element degrees of freedom and (b) shell model of MWNT.
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limits of the integral denote the boundary of the shell in the X–Y-plane. Similarly, the potential energy, P is
deﬁned asP ¼ 1
2
Z h2
h1
Z r2
r1
rssss drdh: ð4ÞThese expressions can be further simpliﬁed by integrating in the thickness (r) direction and noting that the
material distribution is symmetric about the mid-plane, i.e., r( )rd r = 0.
The governing equations and the boundary conditions are now derived by applying the Hamilton’s prin-
ciple (minimizing the action integral)d
Z t2
t1
H dt ¼ d
Z t2
t1
ðK  PÞdt ¼ 0; ð5Þwhich yields the governing equationsA11ðuss  R1wsÞ þ D11R2ðuss þ RwsssÞ ¼ I0€u; ð6Þ
 A11ðR1us  R2wÞ þ D11ðwssss þ R1usssÞ ¼ I0€w: ð7ÞThe A11 and D11 are the axial and ﬂexural stiﬀness of the shell, deﬁned as A11 = Eh/(1  m2) and D11 = Eh3/
12(1  m2), where h is the thickness of the shell. The I0 is the ﬁrst moment of mass deﬁned as qh. The associated
essential and natural boundary conditions areu is prescribed or Qu ¼ A11ðus  R1wÞ þ D11R1ðwss þ R1usÞ; ð8Þ
w is prescribed or Qw ¼ D11ðR1uss þ wsssÞ; ð9Þ
ws ¼ w is prescribed or Qw ¼ D11ðR1us þ wssÞ; ð10Þwhere Qu, Qw and Qw are the external forces corresponding to the u,w and w degree of freedom, respectively.
The multiple-elastic shell model for N-walled CNT (based on Eqs. (6) and (7) is governed by the following
set of 2N-coupled equations:A111ðu1;ss  R11 w1;sÞ þ D111R21 ðu1;ss þ R1w1;sssÞ  I10€u1 ¼ 0; ð11Þ
 A111ðR11 u1;s  R21 w1Þ þ D111ðw1;ssss þ R11 u1;sssÞ þ I10€w1 ¼ c1ðw2  w1Þ; ð12Þ
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 Ap11ðR1p up;s  R2p wpÞ þ Dp11ðwp;ssss þ R1p up;sssÞ þ Ip0€wp ¼ cp1ðwp  wp1Þ þ cpðwpþ1  wpÞ; ð14Þ
AN11ðuN ;ss  R1N wN ;sÞ þ DN11R2N ðuN ;ss þ RNwN ;sssÞ  IN0 €uN ¼ 0; ð15Þ
 AN11ðR1N uN ;s  R2N wN Þ þ DN11ðwN ;ssss þ R1N uN ;sssÞ þ IN0 €wN ¼ CN1ðwN  wN1Þ; ð16Þwhere wp(s, t) and up(s, t) (p = 1, . . . ,N) are the deﬂections of the pth CNT and the superscripts denote the
material and geometric properties of the pth tube. For CNT, the Young’s modulus E = 1 TPa (with the eﬀec-
tive thickness 0.35 nm) and the mass density q = 1.3 g/cm3. The interaction coeﬃcients cp(p = 1, . . . ,N  1)
can be estimated approximately as (Ru, 2000a)cp ¼ 400Rp erg=cm
2
0:16d2
; d ¼ 0:142 nm; p ¼ 1; . . . ;N  1: ð17ÞThe coeﬃcients cp have been estimated as the second derivative of the energy-interlayer spacing relations of
two ﬂat monolayers i.e., it does not take the curvature eﬀect of CNTs into account.
2.1. Computation of the wave numbers and speeds
The spectral formulation begins by assuming the displacement as a synthesis of plane waves of the formupðs; tÞ ¼
XNq
n¼1
u^ejksejxnt; wpðs; tÞ ¼
XNq
n¼1
w^ejksejxnt; ð18Þwhere k is the wave number, xn is the circular frequency of the nth sampling point and j
2 = 1. The Nq is the
frequency index corresponding to the Nyquist frequency in Fast Fourier Transform (FFT) and inverse-FFT
used for conversion between time and frequency domain. When Eq. (18) is substituted in Eqs. (11)–(16) the
resulting discretized form can be written as a polynomial eigenvalue problem (PEP)ðk4A4 þ k3A3 þ k2A2 þ kA1 þ A0Þv ¼Wv ¼ 0; Ap 2 C2N2N ð19Þ
and v are the unknowns {u1,w1 , . . . ,uN,wN}. The matrices Ap are best described by the following rules (while p
ranges from 1 to N):A4ð2p; 2pÞ ¼ Dp11R2p; A3ð2p  1; 2pÞ ¼ jDp11Rp ¼ A3ð2p; 2p1Þ; ð20Þ
A2ð2p  1; 2p  1Þ ¼ Ap11R2p  Dp11; A1ð2p  1; 2pÞ ¼ jAp11Rp ¼ A1ð2p; 2p  1Þ: ð21ÞFurther, the matrix A0 can be decomposed as A0 ¼ B0 þ B1 þ x2M, where B0ð2p; 2pÞ ¼ Ap11; p ¼ 1; . . . ;N and
B1ð2p; 2pÞ ¼ cpR2p;B1ð2p; 2p þ 2Þ ¼ cpR2p; ð22Þ
B1ð2p þ 2; 2pÞ ¼ cpR2pþ1; B1ð2p þ 2; 2p þ 2Þ ¼ B1ð2p þ 2; 2p þ 2Þ þ cpR2pþ1; ð23Þwhere p ranges from 1 to N  1. Thus, the matrix B1 contains the coupling terms of the governing equations.
Solving the PEP as described in Eq. (19), the eigenvalues k and the eigenvectors v are obtained, which will
be used in subsequent element formulation. As the A4 matrix is singular, the lambda matrix W is not regular
and admits inﬁnite eigenvalues (Lancaster, 1969). As the order of the matrices and the PEP suggest, the PEP
yields 2N · 4, i.e., 8N wave numbers. However, only 6N of them are ﬁnite as can be found in the numerical
computation, which cover the complete solution space. Thus, for a N-walled nanotube there are 6N wave
numbers and 2N phase speeds (cp) and group speeds (cg). The phase speeds are deﬁned as x/k and the group
speeds are deﬁned as dx/dRe(k), Re denotes the real part of a complex number. In case of beam approxima-
tion, the group speeds were computed from the dispersion relation. Here, because of its complexity, they will
be computed by directly appealing to their deﬁnitions.
2.2. Computation of the cut-oﬀ frequencies
Compared to the beam model, where N-walled CNT has N  1 cut-oﬀ frequencies (where the wave number
is zero and thus, group speed is zero and phase speed is inﬁnite), in this model, an N-walled CNT has, in
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k = 0. As shown in the beam model, the cut-oﬀ frequency computation is another PEPðB0 þ B1 þ x2MÞx ¼ 0; ð24Þ
where x is a hypothetical eigenvectors of no consequence in our subsequent formulation. For N = 1, the
expression of cut-oﬀ frequency is given in Doyle (1997), which is same as that for a curved beam. For
N = 2, although the expression is in analytic form it is avoided here because of its complexity.
2.3. Computation of the wave amplitudes
The wave amplitudes are computed by posing the PEP as a Generalized Eigenvalue Problem (GEP). The
generalized (linearized) version of the problem equation (19) takes the formCz ¼ kDz; ð25Þ
whereC ¼
0 I 0 0
0 0 I 0
0 0 0 I
A0 A1 A2 A3
2
6664
3
7775; D ¼
I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 A4
2
6664
3
7775: ð26ÞHere I and 0 are, respectively, the identity and zero matrix of size 2N · 2N. The GEP can be solved by several
existing algorithms, however, in this case the QZ factorization based method is used. The eigenvectors of the
original problem (v in Eq. (19)) is recovered from the eigenvectors of the linearized problem (z in Eq. (25)) by
the relationz ¼ ðvT; kvT; k2vT; k3vTÞT; ð27Þ
where ( )T denotes the transpose of a matrix. Only those columns of z are chosen that correspond to ﬁnite
eigenvalues. This yields the required set of ﬁnite eigenvectors of the original problem,U, which is of dimension
2N · 6N.
Another method of ﬁnding the eigenvalues and eigenvectors is the method of SVD. Here, the original PEP
is identiﬁed as the problem of ﬁnding the null space ofW Eq. (19). As we are interested in the non-trivial solu-
tion for v, the lambda matrix W should be singular. This singularity is achieved by solving the equation
det(W) = 0, which generates the characteristic equation for the eigenvalues k. Let us denote the ﬁnite roots
as ki; i ¼ 1; . . . ; 6N . For these values of k, the matrix W is singular, i.e., the null space of W is non-trivial
and v lies in this space. To ﬁnd out the elements of the null-space, we take the help of the SVD. According
to the SVD theorem, any rectangular complex valued matrix can be decomposed in terms of two unitary
matrices U and V and a diagonal matrix S asW ¼ USVH ; ð28Þ
where ( )H denotes the Hermitian conjugate of a matrix. The S is the matrix of singular values, where at least
one diagonal element will be zero as W is singular. The most important property of this decomposition rele-
vant here is that the columns of V that correspond to the zero singular values (zero diagonal elements of S) are
the elements of the null space ofW. Thus for each ki, the null space members v 2 C2N1 are computed (selected
from V) and stored in the array U 2 C2N6N . Further details on this aspect can be found in the beam model
work (Chakraborty et al., 2006).
Once the wave amplitudes U are obtained the solution can be written asfu^1; w^1; . . . ; u^N ; w^Ng ¼ ULa; U 2 C2N6N ; L 2 C6N6N ; a 2 C6N1; ð29Þ
where L(p,p) = exp(jkps), p = 1,. . .,6N and the a are the unknown coeﬃcients to be determined. Two diﬀer-
ent elements can be prepared using this solution.
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For this element, the complete solution in Eq. (29) is considered, i.e., both the forward and backward mov-
ing waves are considered. The unknowns, am-s are to be replaced by the nodal variables, which are the dis-
placements in the X–Z-plane (u and w) and the rotation for each wall w = ws. Thus, each node has 3N degrees
of freedom (dofs) and the two noded element has 6N dofs. The nodal variables in the ﬁrst and second node are
arranged as fu^1; w^1; w^1; . . . ; u^N ; w^N ; w^Ng and they are collectively referred as u1 and u2, for node 1 (s = 0) and
node 2 (s = L), respectively. Using Eq. (29), the relation between u1, u2 and a are expressed as~u ¼ fu1; u2g ¼ T1a; T1 2 C6N6N ; ð30Þ
where the elements of the T1 matrix can be given by the ruleT 1ð3p  2; qÞ ¼ Uð2p  1; qÞ; T 1ð3p  1; qÞ ¼ Uð2p; qÞ; ð31Þ
T 1ð3p; qÞ ¼ jUð2p; qÞkp; where p ¼ 1; . . . ;N ; q ¼ 1; . . . ; 6N ; ð32Þ
T 1ðp þ 3N ; qÞ ¼ T 1ðp; qÞ expðjkqLÞ; where p ¼ 1; . . . ; 3N ; q ¼ 1; . . . ; 6N : ð33ÞNext, the relation between the nodal forces and the coeﬃcients needs to be established. The nodal forces are
axial (hoop) force Qu, shear force Qw and bending moment Qw, which are deﬁned earlier. At each node there
are 3N such forces which are given as (where p ranges from 1 to N)Qpu ¼ Ap11ðup;s  R1p wpÞ þ Dp11R1p ðwp;ss þ R1p up;sÞ; ð34Þ
Qpw ¼ Dp11ðR1p up;ss þ wp;sssÞ; Qpw ¼ Dp11ðR1p up;s þ wp;ssÞ: ð35ÞUsing the above relationship, the nodal forces f1 and f2 are evaluated at node 1 (s = 0) and node 2 (s = L),
respectively, asf1 ¼ fQ1uð0Þ;Q1wð0Þ;Q1wð0Þ; . . . ;QNu ð0Þ;QNw ð0Þ;QNwð0Þg; ð36Þ
f2 ¼ fQ1uðLÞ;Q1wðLÞ;Q1wðLÞ; . . . ;QNu ðLÞQNw ðLÞ;QNw ðLÞg; ð37Þwhich are related to the coeﬃcients a by the relation~f ¼ ff1; f2g ¼ T2a; T2 2 C6N6N: ð38Þ0 0.5 1 1.5 2 2.5
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Fig. 2. Wave number variation for N = 2 (shell theory).
1634 A. Chakraborty / International Journal of Solids and Structures 44 (2007) 1628–1642The elements of T2 are given by the ruleT 2ð3p  2; qÞ ¼ Ap11ðjUð2p  1; qÞkq  R1p Uð2p; qÞÞ  Dp11R1p ð/ð2p; qÞk2q  jR1p Uð2p  1; qÞkq;
T 2ð3p  1; qÞ ¼ R1p Dp11Uð2p  1; qÞk2q þ jDp11Uð2p; qÞk3q; ð39Þ
T 2ð3p; qÞ ¼ jR1p Dp11Uð2p  1; qÞkq þ Dp11Uð2p; qÞk2q: ð40ÞCombining Eqs. (30) and (38), the relation between the nodal forces and the nodal displacements is~f ¼ T2T11 ~u ¼ K~u; ð41Þ0 0.5 1 1.5 2 2.5 3 3.5 4
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displacements at frequency xn. Thus, one element is suﬃcient to model a MWNT of any number of walls.
2.5. Semi-inﬁnite spectral element
While forming the total solution, if only the forward propagating components are considered, the wave-
guide will resemble to an inﬁnite length circular structure, i.e., a helix, which carries no reﬂection from the0 0.5 1 1.5 2 2.5 3 3.5 4
0
20
40
60
80
100
120
140
160
180
Frequency, (THz)
Ph
as
e 
Sp
ee
d,
 [k
m/
s]
50.1612
52.5944
Fig. 5. Phase speed variation for N = 2 (beam theory).
0 0.5 1 1.5 2 2.5
10-1
100
101
102
103
Frequency, (THz)
G
ro
up
 S
pe
ed
, [k
m/
s]
Fig. 6. Group speed variation for N = 2 (shell theory).
1636 A. Chakraborty / International Journal of Solids and Structures 44 (2007) 1628–1642other boundary. This element is also called throw-oﬀ element as it acts as a conduit for throwing away energy
from the structure. The element is useful in modelling large structures and to introduce artiﬁcial damping. The
displacement ﬁeld for this element is1 Fofu^1; w^1; . . . ; u^N ; w^Ng ¼ ULa; U 2 C2N3N ; L 2 C3N3N ; a 2 C3N1; ð42Þ
which can be used to establish the relation between the nodal displacements and forces as~u ¼ u1 ¼ T1a; ~f ¼ f1 ¼ T2a; f ¼ T2T11 u ¼ Ku; ð43Þ
where all the matrices are now of size 3N · 3N.
3. Numerical analysis
In this section, the eﬃciency of the developed spectral element is demonstrated. First, the wave number,
phase speed and group speed variation is investigated for diﬀerent wall numbers. Then the eﬀect of wall-
number on the cut-oﬀ frequencies is studied. Finally, a broad-band pulse loading is applied to study the wave
propagation in MWNT.
For all the subsequent numerical examples, MWNT is considered with E = 1 TPa, m = 0.3 and q = 1300
kg/m3. The innermost radius of the tube is taken as 5 nm and each tube is 0.35 nm thick. The van der Waals
force interaction coeﬃcient for the ﬁrst wall becomes 0.62 TPa. The geometric and material properties result
waveforms and wave characteristics, which are given in the following sections.
3.1. Spectrum and dispersion relation
The wave numbers, phase speed and group speed variation for N = 2 are plotted in Figs. 2–6, respectively.
As previously mentioned, there are two cut-oﬀ frequencies, one at 0.8140 and another at 1.6438 THz. The
blue1 lines denote the real part of the wave numbers and the black lines denote the imaginary parts. At
any frequency, there are purely real wave numbers (propagating), purely imaginary (evanescent) wave num-
bers and complex modes (inhomogeneous waves), which attenuate while propagating. It is very diﬃcult to
identify how many pure real or imaginary modes there. At most, it can be said from Fig. 2 is that initially
there are ten propagating/inhomogeneous modes and four inhomogeneous modes. However, afterwards, there
are six inhomogeneous modes and six propagating modes. After the second cut-oﬀ frequency, two more prop-
agating modes come up and thus, there are four inhomogeneous modes and eight propagating modes.
In comparison, the spectrum relation predicted by the Euler–Bernoulli theory is much simpler Chakraborty
et al. (2006). There are eight modes although only two base wave numbers are shown in Fig. 3. The other wave
numbers can be found from these by multiplying them by 1 and ±j. Thus, two of them are always propa-
gating (and two are always evanescent) and two propagate (and attenuate) once the frequency exceeds the cut-
oﬀ frequency of 1.432 THz.
The phase and group speed variations (dispersion relation) deal only with the real part of the wave num-
bers. Thus, the phase speed variation (Fig. 4) initially shows ﬁve modes, which in the later stage becomes four.
These four speeds are coming from the eight propagating modes (half of them are forward moving and half
backward). The same idea is reﬂected in the group speed variation also (Fig. 6), where the four propagating
modes are easily discernible. Further, it can be seen that at the cut-oﬀ frequencies, the phase speeds are escap-
ing to inﬁnity, whereas, the group speeds are becoming zero. Two sets of speeds can be identiﬁed in the dis-
persion relations, one that has an average value of 24 km/s and the other set contains two values 49 and
54 km/s. If the phase speed predicted by the beam theory is compared (given in Fig. 5) it can be inferred that
the beam theory fails to predict the slower propagating modes, although the higher modes are captured quite
accurately.
For N = 5, the spectrum and dispersion relations are very complicated as can be seen in Figs. 7–11. There
are four cut-oﬀ frequencies at 0.7514, 1.2587, 1.6162 and 1.8359 THz. Thus, it is not necessary to have as manyr interpretation of color in Figs. 2–15, the reader is referred to the web version of this article.
A. Chakraborty / International Journal of Solids and Structures 44 (2007) 1628–1642 1637cut-oﬀ bending modes as the number of walls. In fact, for N = 10, there are eight cut-oﬀ frequencies. The cut-
oﬀ frequencies predicted by the beam theory are at 0.6297,1.194, 1.643 and 1.932 THz, which are very close to
that predicted by the shell theory (see Fig. 8). It is to be noted that the beam wave number magnitudes are
bounded by 0.4 nm1, i.e., there is no mode close to the higher valued shell wave numbers (greater than
0.5 nm1). This explains the absence of low phase speed in the dispersion relation of beam given in Fig. 10.
The values predicted are however, lower than the ﬁve shell phase speeds given in Fig. 9. The rest ﬁve phase
speeds have an average value of 26.1382 km/s and hence it is clear that they correspond to the u dof. Thus,
the present shell model captures the ﬁrst symmetric Lamb wave mode of MWNT, which beyond the realm0 0.5 1 1.5 2 2.5
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Fig. 9. Phase speed variation for N = 5 (shell theory).
1638 A. Chakraborty / International Journal of Solids and Structures 44 (2007) 1628–1642of the beam theory. The group speeds are given in Fig. 11, which clearly shows the presence of ﬁrst symmetric
(s0) and anti-symmetric mode (a0). It is also evident from the ﬁgure that the a0 modes are increasing with
frequency, i.e., dispersive, whereas, the s0 modes are constant at high frequency.
As happened in the beam model, the current spectrum relation also suggests an upper and lower bound for
the cut-oﬀ frequencies as the wall number increases. The variations of the maximum and minimum cut-oﬀ fre-
quencies are shown in Fig. 12. The estimation by beam theory is also included in the same ﬁgure (shown in
ﬁrm line). As the ﬁgure suggests, the maximum cut-oﬀ frequency predicted by the shell theory is0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
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A. Chakraborty / International Journal of Solids and Structures 44 (2007) 1628–1642 16391.864 THz, whereas, the beam theory predicts a value of 2.085 THz. Thus, the beam theory overestimates the
cut-oﬀ frequency almost by 12%. The minimum cut-oﬀ frequency variation does not follow the same contin-
uous variation as in the beam theory case. However, in absence of uniform convergence, the minimum value
seems to be around 0.2 THz whereas, for beam theory it is only 0.03 THz.
3.2. Eﬀect of broad-band pulse loading
The developed element is suitable for modelling and analysis of MWNT for broad-band loading with rel-
atively marginal cost of computation as compared to any other method. This capability is demonstrated in this0 10 20 30 40 50 60 70 80 90 100
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1640 A. Chakraborty / International Journal of Solids and Structures 44 (2007) 1628–1642example. A MWNT is considered, which is loaded in the transverse direction throughout its length. The tube
is modelled by 2 elements and it takes on average 30 s to perform the simulation. The load is having a fre-
quency content of around 5 THz (see Fig. 13), whose time domain representation is shown in the inset.
The transverse displacement and velocity measured at the innermost wall are presented in Figs. 14 and 15
for single wall and double wall nanotube. As the ﬁgure suggests, with increasing wall number the stiﬀness
of the nanotube increases. This is evident in the lower value of the displacement and velocity for N = 2 as com-
pared to the N = 1 case.0 1 2 3 4
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A new spectral element is formulated based on the plane-strain shell theory, which can eﬃciently model
MWNTs. The element can have any number of walls and the essential wave propagation characteristics, in
terms of spectrum relation, dispersion relation and cut-oﬀ frequencies are inbuilt in the element formulation.
The formulation reveals the complicated nature of the wave number, phase and group speed variation over the
number of walls, N. It is found that for small values of N, the number of cut-oﬀ frequencies is equal to N, as
opposed to the previous beam model. However, for higher values of N, there can be N  1 or N  2 cut-oﬀ
frequencies. Like the beam model, the cut-oﬀ frequencies are bounded above, although, no exact lower bound
could be obtained. It is shown that, the beam theory overestimates the cut-oﬀ frequency. Further, the shell
model captures the ﬁrst symmetric Lamb wave mode, which is not present in the earlier beam model of
MWNT. The study of broad-band loading shows the eﬀect of increasing N in terms of increasing stiﬀness
of the structure.
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